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The first international conference in 
operations research was held in 

Oxford, England, in 1957.  

It was attended by 250 delegates 
from 21 countries 
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112
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Dedicated to all 
women in OR
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Thanks guys!
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Bernard Fortz

Patrice Marcotte Gilles Savard
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Bilevel optimization
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•What is it? 

•The linear case 

•Bilinear  objectives +  linear 
constraints
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Bilevel Optimization Problem

max
x,y

f(x, y)

s.t. (x, y) 2 X

y 2 S(x)

where S(x) = argmax
y

g(x, y)

s.t.(x, y) 2 Y
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First paper on bilevel 
optimization
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Bracken & McGill (OR,1973): First bilevel model,  
structural properties, military application. 

 Mathematical Programs with Optimization Problems

 in the Constraints

 Jerome Bracken and James T. McGill

 Institute for Defense Analyses, Arlington, Virginia

 (Received October 5, 1971)

 This paper considers a class of optimization problems characterized by con-

 straints that themselves contain optimization problems. The problems in the
 constraints can be linear programs, nonlinear programs, or two-sided optimiza-

 tion problems, including certain types of games. The paper presents theory
 dealing primarily with properties of the relevant functions that result in convex
 programming problems, and discusses interpretations of this theory. It gives

 an application with linear programs in the constraints, and discusses computa-
 tional methods for solving the problems.

 THE STANDARD mathematical program can be stated as finding a vector

 x = (xI, *, x) to
 minimize f (x) (1)

 subject to

 gi(x) > ri, (i= I, m) (2)

 where the functionsf() and gi() are real-valued, and r = (ri, *.., rm) is a specified
 vector of scalars. If f (.) is a convex function and gi ( ) is a concave function for
 i= 1, , m, then the problem given by (1) and (2) is called a convex program.

 Usually the right-hand-side vector r is considered to be a specified constant.
 More generally, this vector can be taken to be a parameterization of the mathe-
 matical program. For the class of problems treated herein, the vector r will be a
 variable used to link a nested hierarchy of mathematical programs. In general,
 the vector r will be confined to some set of values of interest, denoted by R.

 The constraint set given in (2) can be more generally defined, for any rER, as

 S (r) = Ix:gi (x, r) _O, i= 1, , . ml. (3)

 The mathematical programming problem can be restated as one of finding a vector

 x in the set S (r) that minimizes f (x). The vector r, then, parameterizes the pro-
 gram. As r varies over a set of values R, the minimal value of the objective
 function may also vary. EVANS AND GOULD [31 give conditions for which the
 variation of the minimum is a continuous function of r. ROCKAFELLAR[71 also
 considers the continuity problem for convex programs, using conjugate function
 theory. He also shows that the variation of the minimum is a convex function of r
 for certain types of parameterizations [reference 6, p. 174].

 Section I presents a formulation of mathematical programs with optimization
 problems in the constraints; Lemmas 1 and 2 there give conditions guaranteeing
 that the optimal value of the objective function of certain parameterized mathe-
 matical programs is concave. These results are applied to the constraints of the

 37
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Adequate framework for 
Stackelberg game

• Leader: 1st level, 

• Follower: 2nd level, 

• Leader takes follower’s optimal reaction 
into account.
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Heinrich von Stackelberg 
(1905 - 1946)
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Applications
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•Economic game theory 

•Production planning  

•Revenue management 

• Security 

•… 
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Linear BP

 11

max
x,y

c1x+ d1y

s.t. A1x+AB1y  b1

max
y

d2y,

s.t.A2x+B2y  b2
<latexit sha1_base64="tLfJMVteoVG2SQPTKXNulOSm9bI="></latexit>
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Linear BP

 12

max
x

c1x+ d1y

s.t. A1x+B1y  b1

B2y +A2x  b2

�B2 = d2

� � 0

�(B2y � b2 +A2x) = 0
<latexit sha1_base64="tcCfaoFUCz3ESD8KiKp8gFqFkYY="></latexit>

max
x

c1x+ d1y

s.t. A1x+B1y  b1

B2y +A2x  b2

�B2 = d2

� � 0

�  Mdz

A2x+B2y � b2 �Mp(1� z)

z 2 {0, 1}m
<latexit sha1_base64="plCIzo8hOTNW6R7i94rBLDELxtw="></latexit>

Fortuny-Amat, McCarl (1981)
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Linear BP:what is true
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•If Linear BP is feasible, then there exists an  
optimal solution which  is a vertex of the 
polyhedron defined by both levels constraints. 

•There exists  a finite value for M 
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Linear BP: what is the 
problem with M?
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• "Trial and error" does not work to determine M 
(Pineda, Morales, 2019) 

•Finding  valid  M is NP-hard 
(Kleinert, Labbé, Plein, Schmidt, 2019)
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Price Setting Problem with 
linear constraints
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max
x,y1,y2

xy1

min
y1,y2

(c+ x)y1 + dy2

s.t. Ay1 +By2 = b

y1, y2 � 0
<latexit sha1_base64="fZl7wjEEYAz4lGQyMFRqY59hwWw="></latexit>
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Price Setting Problem
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max
y1,y2,�

�b

s.t. �A2  c2
<latexit sha1_base64="Lr9UpS337eS+TVPrGD+vRIOvS0g="></latexit>

(c1y1 + c2y2)

s.t. A1y1 +A2y2 = b

y1, y2 � 0
<latexit sha1_base64="bhLVe0ICE4O5szry5ITqriIgGj8="></latexit>

(c2 � �A2)y2 = 0
<latexit sha1_base64="u1lrK6pBb8+RrhY0WdkRC85fcxY=">AAACBXicbVC7TsMwFHXKq5RXgBEGixapDFRJGGBBKrAwFok+pDaKHMdprTpOZDtIUdWFhV9hYQAhVv6Bjb/BbTNAy5EsHZ1zj67v8RNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7w5uJ334gQtKY36ssIW6E+pyGFCOlJc88rFSx58BT2GM6FCB45TknmVYuoVXxzLJVs6aAi8TOSRnkaHjmVy+IcRoRrjBDUnZtK1HuCAlFMSPjUi+VJEF4iPqkqylHEZHuaHrFGB5rJYBhLPTjCk7V34kRiqTMIl9PRkgN5Lw3Ef/zuqkKL9wR5UmqCMezRWHKoIrhpBIYUEGwYpkmCAuq/wrxAAmElS6upEuw509eJC2nZp/VnDunXL/O6yiCA3AEqsAG56AObkEDNAEGj+AZvII348l4Md6Nj9lowcgz++APjM8fJmyVJQ==</latexit>

—

Labbé, Marcotte, Savard (2000)
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Applications
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Network pricing problem 
(Labbé, Marcotte, Savard,1998)

• network with toll arcs (A1) and non toll arcs (A2)

• Costs ca on arcs

• Commodities (ok, dk, nk)

• Routing on cheapest (cost + toll) path

• Maximize total revenue
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Solution approach
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•  MILP formulation 

• Tight  M very effective 

• Branch & cut 



EURO Gold Medal 2019

Conclusion

•Bilevel optimization has a bright future! 

•Be aware : lots of fake news! 

•Need of generic softwares (handling properly 
complementarity) 

•Need to exploit problem inner structure !! 
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